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Uncertainty Estimates for Pressure Sensitive
Paint Measurements

Miklos Sajben*
McDonnell Douglas Aerospace, St. Louis, Missouri 63166

A recently introduced surface pressure measurement technique for aerodynamic applications uses pressure
sensitive luminescent coatings. The primary measurable is luminescent light intensity, but the determination of
pressure also requires the measurement of other variables, such as a reference light intensity and surface temper-
atures. Each of the primary measurables is associated with an error that contributes to the uncertainty of the
pressure computed from all inputs. This paper investigates these contributions to the resultant uncertainty, both
in fundamental terms and in terms of commonly used wind tunnel parameters. The uncertainty is sharply depen-
dent on both freestream and local flow conditions, such that a simple global characterization of error magnitude
does not seem to be practical. Spatial surface temperature variations and temperature differences between refer-
ence and run conditions may significantly affect the results.

Introduction

A SURFACE pressure measurement technique using pressure
sensitive paints (PSP) is currently under development for

aerodynamic tests in wind tunnels and other flow facilities.1"6 The
method offers the promise of extensive surface pressure informa-
tion at low cost and in a short time. The method is highly un-
conventional, and traditional approaches to estimating the overall
precision and accuracy are not applicable. The present paper
addresses one aspect of uncertainty estimation: how errors in the
various directly measured physical quantities affect the precision
of the pressure data computed from them. An understanding of the
relative magnitudes of these effects is helpful in determining the
best allocation of resources in relevant development efforts. Atten-
tion is focused on the ratio method, in which the pressure is com-
puted from the ratio of light intensities determined with and with-
out flow over the surface of interest.

Description of the Method
Detailed descriptions of the pressure sensitive paint technique

are available in the literature2"5 and only a brief summary is given
here.

The technique is based on a class of luminescent materials for
which the luminescence is diminished (quenched) by the presence
of oxygen. Using a fixed composition gas (air), the oxygen con-
centration is linearly proportional to the gas pressure, and lumines-
cence intensity becomes a measure of the surface pressure. The
luminescent material is dispersed in an oxygen-permeable binder
material that provides adhesion to the surface. The model is
primed and coated with the luminophore/binder mixture, usually
after installation in the tunnel. During the measurement, the model
is illuminated by light in a wavelength range appropriate for the
particular compound. Luminescence occurs at a longer wavelength
that is also a characteristic of the paint used. The luminescent
image of the model is recorded, usually by a digital video camera
equipped with a narrow-band filter that matches the emission
wavelength range. This image is the input to a data reduction pro-
cedure, the fundamentals of which are described later.
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We assume that the effect of pressure on the luminescence
(emitted light) intensity is well described by the Stern-Volmer
relation.3'6

/ / / = l+Kp (1)

where / is the luminescent light intensity at gas pressure p\ 10 is the
luminescent light intensity in the absence of oxygen (unquenched);
K is a quantity characteristic of the paint layer, called the Stern-
Volmer constant and is, in this analysis, assumed to be a known
function of the surface temperature; and p is the gas pressure over
the surface.

Equation (1) is not necessarily valid for all paint formulations:
many may display more complex dependencies on pressure and
temperature. The uncertainties associated with such paints are
beyond the scope of this article.

The emitted light intensity is proportional to the incident light
intensity, and we can write:

(2)

where Ie is the excitation (incident) illumination intensity, and Q
is the "efficiency" of the paint layer, assumed to be a known func-
tion of surface temperature.

The incident illumination is generally directional, depending on
the location of the light source(s). In contrast, the luminescence is
diffuse (with the possible exception of very shallow viewing
angles, which will not be considered here).

Combination of Eqs. (1) and (2) yields

I=QIe/(l+Kp) (3)

Equation (3) is the basis of the current analysis. It contains two
temperature-dependent material constants K and Q. Because we
are assuming that these two functions are known from an appropri-
ate calibration, the knowledge of surface temperature is tanta-
mount to knowing both K and Q. We also assume that spatial and
temporal variations in the deposited paint properties are negligible,
i.e., K and Q are not dependent on location over the model surface,
nor do they change in time (aging or photo-bleaching does not
occur).

Equation (3) is viewed as containing four quantities: surface
pressure, surface temperature (which implicitly defines both K and
0, and the incident and emitted light intensities. Measurement of
the luminescent intensity is clearly not sufficient to determine the
desired pressure: two more unknowns are present.
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A convenient procedure exists, called the ratio method, that can
eliminate the need to determine the excitation light intensity. This
approach requires an additional luminescent image of the same
object, with the same illumination, but in the absence of flow. No
flow assures a constant pressure at all points of the surface. The
image taken this way is called the reference image ("ref'), to dif-
ferentiate from the image taken with flow, which is referred to as
the "run" image. Designating the ref condition with an asterisk
superscript, Eq. (3) is specialized as

/* = (4)

where we used the notation Q* = Q(T*) and A?" =K(T*). If the sur-
face temperatures are the same in both the ref and the run cases (T
= r*), and if the excitation intensities are the same (Ie = Ie*)9 then
division of Eq. (3) by Eq. (4) yields:

I_ _ l+Kp*
I* l+Kp

(5)

The luminescent intensities are measured in both cases. The ref-
erence pressure is also readily measured, leaving only K and p as
unknowns. Under the assumptions made so far, K may be deter-
mined from comparison with pressure measured by a single pres-
sure tap, or from a single surface temperature measurement. Once
K is determined, the unknown pressure p is readily evaluated from
Eq.(5).

There are other approaches to handling the undesirable un-
knowns in Eq. (3) but they are not considered here.

Estimating Uncertainties
The assumptions implicit in the ratio method are likely to be sat-

isfied only approximately. Furthermore, the measurements of light
intensities and the reference pressure are also subject to certain tol-
erances. It is therefore of interest to inquire about the magnitude of
the uncertainty in pressure that results from some specified uncer-
tainty in any of the input quantities.

If the ref and run illuminations and temperatures are not exactly
the same, then the division of Eq. (3) by Eq. (4) yields the follow-
ing general expression for pressure:

/* Q 7C

/ e* /; K. (6)

This equation gives the (run) pressure as the function of seven
variables: /, /*, Ie, //, T, T* and p*. Uncertainties in any of these
give rise to a corresponding uncertainty in p. The respective errors
are estimated by assuming that the errors are small, and the factors
of proportionality are given by the partial derivatives of Eq. (6)
with respect to the input variables. For example, the pressure error
due to error in one of the input variables is given by

(7)

where xn is any one of the input quantities /, /*, Ie, etc.
It is convenient and often more meaningful to look at the frac-

tional change in each property, by rewriting Eq. (7) as follows:

(8)

The coefficients <]>„ are called the "influence coefficients." The
differential of the independent variable may represent uncertainty
associated with any arbitrarily chosen level of confidence, i.e.,

with any number of standard deviations. The uncertainty computed
for the dependent variable corresponds to the same confidence
level.

The calculation of the temperature coefficients requires the
evaluation of the logarithmic derivatives of K and Q with respect
to temperature. For this purpose, the empirically determined tem-
perature dependencies are approximated by power law functions

(9a)

(9b)

where aK and (IQ are constants and T is the absolute temperature.
Absolute temperature is used as an independent variable to avoid
exponents that depend on the choice of the temperature scale.
Using the expressions of Eq. (9), the logarithmic derivatives are
found to be constants, equal to the respective exponents. We have

d K / K
dT/T

dQ/Q = dinQ
dT/T ~ dZr

(lOa)

(lOb)

This form of approximation was found to be adequate for a
modest temperature range (±15 K), leads to simple analytical ex-
pressions, and is used throughout this paper.

The seven influence coefficients have been evaluated, expressed
as functions of Kp and K*p*, and are summarized in Table 1.

When evaluated for a particular paint and flow (i.e., for a given
Kp, K*p*, VK, VQ combination), the influence coefficients describe
the importance of the various input quantities and may be used
to determine the precision required in each, for a given desired
accuracy in p. Figure 1 shows the example of <|)r, i.e., the influence
coefficient for the run temperature, using data for an early paint
developed by McDonnell Douglas Laboratories (designated
MDRL-PF1, VK = 3.1, VQ = -2.6). The plot indicates that run tem-
perature is a critical factor at low pressure levels. The influence
coefficient for ref temperature (not illustrated) has a comparable
dependence on Kp.

The form of §T given in Table 1 suggests how the influence of
temperature uncertainties on the pressure measurement might be
reduced. By setting the expression for tyT equal to zero, the follow-
ing relation is obtained between paint properties and the pressure:

(11)

Table 1 Influence coefficients

T

T*

p*
y_
r

1 1
y = 1 + —, y* = 1 + ———

Kp K*p*
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If a paint could be developed that satisfies Eq. (11), then the
influence coefficient would be zero and temperature uncertainties
would be irrelevant. Because p varies over surfaces of interest,
exact cancellation is possible only at selected points. But even an
approximate conformity to Eq. (11) could substantially lower tem-
perature-related errors.

If the errors of the input quantities are independent, then the
resultant pressure error from all causes is estimated as the square
root of the sum of the squares of individual errors. Table 2 shows a
sample estimate for a particular paint, for a hypothetical pressure
measurement at nearly atmospheric conditions, using reasonable
assumptions for each input uncertainty. The results show that the
assumed temperature uncertainty (dT = 1.5°C) accounts for 93%
of the pressure uncertainty and thus dominates the measurement.
To bring the consequences of the temperature uncertainty to a
level comparable to the rest of the inputs, the fractional tempera-
ture uncertainty would have to be reduced to 0.001, corresponding
to about dT= 0.3°C.

The precision of any of the input data can be improved by
repeating the respective measurement N times and averaging the
results. This procedure will reduce the contribution to the resultant
pressure error (the respective entry in the third column of Table 2)
by a factor of 1/N.
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Fig. 1 Influence coefficient (fractional pressure change per fractional
temperature change) for an early pressure sensitive paint.

Adaptation to Wind Tunnel Practice
The influence coefficients of Table 1 characterize the ratio

method version of PSP, without reference to the special circum-
stances of wind tunnel use. The conditions of practical wind tunnel
testing require some additional considerations.

A very important fundamental feature of PSP is that the method
is sensitive to absolute pressure, in contrast to conventional prac-
tice that focuses on gauge pressures. In a typical wind tunnel test,
differential pressure transducers are used to measure deviations
from the freestream pressure. Lift force is obtained by integrating
the pressure difference between the bottom and top sides of the
model. If the pressure difference is small compared with the abso-
lute pressure level, then the determination of lift from absolute
pressure measurements amounts to taking small differences of
large numbers, with a corresponding decrease of accuracy. Conse-
quently, PSP is more appropriate for higher Mach numbers, where
dynamic pressures are high compared with the static pressure.

The practice of measuring differential pressures is reflected by
the common use of dimensionless pressure coefficients defined as

(12)
1/2 p.

where p^, p^, and u^ are the pressure, density, and velocity,
respectively, in the undisturbed freestream approaching the model.

Table 2 Sample estimate of run-pressure uncertainty3

Assumed
input

Input quantity uncertainty Contributions

xn
I

r
ie
i*
T
T*
p*

Totals:

— xlO 2

Xn

0.5

0.5
0.5
0.5
0.5
0.5
0.5

(«n^\ x lO 4

Xn

0.373
0.373
0.373
0.373
9.851

10.313
0.003

21.659

Percentage
of total

1.7
1.7
1.7
1.7

45.5
47.5
0.2

100.0
Resultant pressure uncertainty; dp/p = 0.0465 (4.7%)____

Assumptions used: Paint: K = K*= 0.06 kPa"1, v^ = 3.1, Vg = — 2.6.
Flow: p = 75 kPa,p* = 100 kPa, T = T*= 300 K.

Fig. 2 Pressure coefficient as a function of freestream Mach number
and local-to-freestream Mach number ratio. Parameter values (0,1, 2,
°o) correspond to special conditions on the surface.

An alternate expression for Cp can be given in terms of the
freestream Mach number of the tunnel as follows:

s~* __ (P/P..-1)
(13)

where y is the ratio of specific heats (y = 1.4 for air). Cp values are
of order unity for all absolute pressure levels and tunnel Mach
numbers.

It follows from the previous equation that the accuracy of aero-
dynamic force information is most closely related to the accuracy
of information available in the form of pressure coefficients. It is
therefore appropriate to investigate the error in Cp, as opposed to
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the error in p itself. The connection between the two is given by
taking the differential of Eq. (13):

dp = (14)

The local surface pressure on a wind tunnel model depends in
part on the wind tunnel conditions and in part on the local Mach
number (or local Cp). These influences are directly reflected by the
choice of the following set of three dimensionless parameters.

Wind tunnel conditions are described by Kptoo as the tunnel total
(stagnation) pressure, normalized by the Stern-Volmer constant K,
and MOO as the freestream Mach number.

The local conditions on the model surface are characterized by
MIMoo as the ratio of local Mach number M to the freestream Mach
number.

M/M^ has three significant values. MIM^ = 0 designates stagna-
tion points where Cp reaches its maximum value. MIM^ = 1 corre-
sponds to locations where the local pressure is equal to freestream
pressure, i.e., Cp = 0. A third significant value could be chosen to
correspond to the minimum value of Cp, but this implies that the
minimum of Cp would occur at an infinite local Mach number and
is never reached in any practical situation. As a pragmatic alterna-
tive we shall use MIM^ = 2 as the low end of the practical range.
The local pressure coefficient Cp is defined by M and MIM^
jointly; the special values chosen here are illustrated in Fig. 2.

The dimensionless pressure Kp is connected to the tunnel para-
meters through the relation

Kp =
[1 +

(15)

where we used the well-known relation between static and total
pressures

(16)

Using Eqs. (14) and (15), modified versions of the influence
coefficients can be easily obtained in the form

Ax
n~ (17)

Fig. 3 Influence coefficient \j// for luminescence intensity at run con-
ditions, as a function of tunnel stagnation pressure: M^ = const = 1.0.

Fig. 4 Influence coefficient \fr/ for luminescence intensity at run con-
ditions as a function of freestream Mach number: Kptoo= const = 3.0.

where yn is the modified influence coefficient for input quan-
tity^.

To illustrate the use of modified influence coefficients, we shall
examine their behavior as functions of tunnel and local conditions
for two selected input quantities: the luminescent light intensity /
and the temperature T.

Influence Coefficient for /
From Table 1

d/// V Kp

Eliminating dp using Eq. (14) yields

d£>
dl/I Kp

(18)

(19)

One additional modification is made on the basis of related
experience that in light intensity measurements the error tends to
be only a weak function of the intensity itself. It follows that for
luminescence measurements, a fixed absolute error is a more real-
istic model than a fixed relative error. Accordingly, we shall re-
place d/// with

d/ d/
(20)

where we used Eq. (1) to eliminate /„//. /„ is independent of the
pressure and is therefore a more appropriate reference quantity in
this case. Using Eq. (16), and carrying out some simplifications,
we have

<!///„ (Kp,J

X 1 + - (21)
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where we used the caret in \j/7 to signify the fact that 10 is used as a
reference intensity.

Figure 3 illustrates the dependence of the influence coefficient
on the tunnel stagnation pressure for a freestream Mach number of
1.0, with the three special values of M/M^ as parameters. Figure 3
shows that the coefficient \y7 has a minimum near Kptoo — 1 and
rises to high values both for low and high pressures. It can be
shown that Kp = 1 exactly at the minimum for any combination of
the parameters M^ and M/M^.

The dependence on the local Mach number is straightforward
because \jf7 decreases monotonically with increasing M/M^, and
the three selected values of MIM^ (0, 1, 2) illustrate the trends of
\jr; quite well. The highest values occur at MIM^ = 0, i.e., at stag-
nation points or lines. The stagnation points are thus the most criti-
cal locations on the model for any given wind tunnel condition. If
we set M = 0 (i.e., if we restrict ourselves to stagnation points) then
the influence coefficient \jf7 has an absolute minimum at Kptoo = 1
and M^ = V2 . The value of the minimum (for air) is

(22)

Equation 22 means that at a stagnation point, 1% uncertainty in
light intensity (dI/I0 = 0.01) results in a Cp uncertainty of about 0.1
or greater. No improvement of paint properties can change this
result. A reduction of dCp is possible only by improving the preci-
sion of the light intensity measurement d/ and/or by increasing the
luminescence intensity I0.

The dependence of \j/7 on the freestream Mach number is illus-
trated in Fig. 4, in which Kp is held constant at a value of 3, and
M^ is varied. The parameter is again M/M^. Figure 4 illustrates
that the influence coefficient, and hence the Cp error, sharply
increases as the freestream Mach number is reduced. The reason is
that at low Mach numbers, the flow-generated pressure differen-
tials become very small compared with the absolute pressure level
for any value of MIM^. There is a mild increase of \jf7 at high
Mach numbers.

The rapidly rising uncertainty at low Mach numbers suggests
that the utility of the ratio method, and perhaps any other PSP
method, may be limited to the moderate-to-high Mach number
range.
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Fig. 5 Influence coefficient \|/j for temperature at run conditions, as
a function of tunnel stagnation pressure: M^ = const = 1.0.

Fig. 6 Influence coefficient \|/r for temperature at run conditions, as
a function of freestream Mach number: Kptoo= const = 3.0.

Influence Coefficient for T
Using a procedure analogous to Eqs. (18-21), the following

expressions are obtained:

dT/T

where

1 + [ (Y- 1) /2] (M/MJ

/ 2 =
Iw* M

(23)

(24a)

(24b)

Figures 5 and 6 illustrate this relation as a function of Kptoo and
MOO, respectively, for a paint with v^ =3.1 and VQ = —2.6. The
plots show that \\tT rises sharply at low pressures, but there is no
rise with increasing pressures and there is no minimum. The effect
of the freestream Mach number is comparable to what was found
for \j/7: decreasing Mach numbers mean sharply rising errors. The
variation is again monotonic with MIM^ as before, stagnation
points being the least favorable. The magnitudes of \j/r are gener-
ally high compared to unity, indicating that accurate tempera-
ture measurement or some form of temperature compensation is
called for.

Summary
The effect of the precision of measuring the primary input quan-

tities on the precision of pressure measurement by the ratio method
has been investigated for paints that obey that Stern-Volmer rela-
tion. The study shows that the ratio method works best at moderate
pressures and moderate-to-high Mach numbers. Precision is
diminished at low pressures and at low Mach numbers. For fixed
freestream conditions, precision is least at stagnation points or
lines and improves with local Mach number.

Depending on the properties of the paint, surface temperature
may have a strong influence on the final result. It may be possible
to tailor the paint properties in a way to reduce the influence of
temperature uncertainties. Otherwise, a precise temperature mea-
surement or compensation method is required, especially if the
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PSP system is to be wholly independent of simultaneous, conven-
tional pressure measurements.
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